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ABSTRACT 
The aim of this paper is to prove that any real or complex Lie algebra admitting a non-singular 
prederivation is necessarily a nilpotent Lie algebra. As to the reciprocal statement, an example is 
given of a nilpotent Lie algebra with only singular prederivations. 
1. INTRODUCTION 
Let g be a Lie algebra. Aprederivation of Q is a linear mapping P : g + Q such 
that 
Pk [Y> 41 = PI bl41 + [XT [PY, 41 + [x, [y, Pz]] 
for every x, y, z E g. Clearly, the set pber(g) of all prederivations of a Lie alge- 
bra g is a subalgebra of gI(g) containing the Lie algebra her(g) of derivations 
ofe. 
Prederivations were first introduced by Mtiller in [4]. He showed the follow- 
ing result: If G is a Lie group endowed with a bi-invariant semi-Riemannian 
metric and g its Lie algebra, then the Lie algebra of the group of isometries of G 
fixing the identity element is a subalgebra of pber(g). Thus, the study of the al- 
gebra of prederivations is not only interesting from the algebraic point of view 
but also from its applications. In this sense, several properties of the algebra 
pber(g) have been investigated in [l], where skew-symmetric prederivations are 
studied. 
On the other hand, a well-known theorem of Jacobson [3] states that any Lie 
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algebra admitting a non-singular derivation must be a nilpotent Lie algebra. In 
this paper we will prove the analogous result for prederivations. 
2. DEFINITIONS AND MAIN RESULTS 
Definition 1. Let g be a Lie algebra. A linear mapping P E gl(g) is called a 
prederivation of g if and only if 
P[x, b, 41 = [f% b741 + Lx, PY, 41 + LX> [Y, WI 
for every x,y, z E g. 
An invertible mapping A E GL(g) is a preautomorphism of g if 
Ak b, 41 = [Ax, WY, A41 
holds for every x, y, z E g. 
It is not difficult to prove that the set Paut(g) of all preautomorphisms of g is 
a Lie group whose Lie algebra is the algebra of prederivations pber(g). 
In the following lemma, we will use the fact proved by Mtiller [4] that any 
prederivation of a semisimple Lie algebra is an inner derivation. 
Lemma 1. Let g be a complex Lie algebra and let P be a prederivation of 9. 
(i) The radical r of g is P-invariant. 
(ii) If P is invertible then g is solvable. 
Proof. Let P be any prederivation of g. Since nber(g) is the Lie algebra of 
Paut(g) we have that exp(tP) is a preautomorphism of g for all t E R. It has 
been proved in [4], Prop. 3.3 that any preautomorphism of g leaves its radical r 
invariant. For each x E c, consider the mapping fX : R + g given by 
fX(t) = exp(tP)x. Clearly, fX is differentiable and its image is a subset of the 
closed subspace r. Hence, 
Px = f:(O) = lim 
exp( tP)x - x 
t-0 
t E r, 
which completes the proof of(i). 
Suppose that g = 5 + r where 5 is a semisimple Levi factor, and let 7r : g + G 
denote the projection of g on B parallel to r. Let P< be the restriction to 5 of 
7r o P. This is a prederivation of G, hence an inner derivation and therefore not 
invertible. 
Now, since Pr c r we have that P is singular whenever P6 is singular. Thus, P 
is invertible only if g has no Levi summand and hence g = r. q 
Theorem 1. If g is a real or complex Lie algebra admitting a non-singular pre- 
derivation then g is nilpotent. 
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Proof. First assume that g is a complex Lie algebra. Let P be a non-singular 
prederivation of g. By the lemma on the preceding page, g is solvable. For 
o E C, define 
g, = {x E g : (P - cd)” x = 0 for some m E IV}, 
where Z denotes the identity map of g. Clearly, if 0 is the set of distinct eigen- 
values of P, 
We show that for m, i,j E N, 0 5 i, j 5 m, there exist constants Cp) E C such 
that 
(P - (o + P + y)Z)“[x> [Y> 41 
= 5 *ci C j”)[(P - aZ)‘x, [(P - @Z)‘y, (P - yz)m-i-jz]], 
i=O j=O 
where x,Y,z E g, and o,p,y E C. We use induction on m. For m = 1, the fact 
that P is a prederivation implies 
(P - (o + P + Y)Z)k [VT 41 
= fk b> 41 - bx7 [Y, 41 - [x3 KY, 41 - IX> [Y, YZII 
= [(P - 4x> [YI 41 + 1x7 [(P - mv, 41 + LX> [YT (P - ml. 
Form > 1 we get from the induction hypothesis 
(P - (a + P + r)Z)“[x, [Y,Zll = (P - (a + P + YV) 
m-l m-l-i 
x ,Fo ,Fo q.jQ[(P - aZ)‘x, [(P - pz)jy, (P - gy-'-'-jz]] 
= yg; m;gl C.p[(P- aq’+‘x, [(P - pz)jy, (P - rz)“-l-i-jz]] 
+ “2:’ m2-i CJm-l) 
[(P - aZ)‘x, [(P - pz)j+‘y, (P - ,yz)m-l-i-‘z]] 
i=O jz0 
v 
m-l m-l-i 
+ Lgo jgo Ciy’[(P - 4x, [(P - PZ)jY, (P - TZ)m-i-i4 
= 5 mci C,j”‘[(P - aZ)‘x, [(P - pz)jy, (P - rz)m-i-‘z]] 
i=O j=lJ 
where 
C.!“’ = c,I”-‘)$p;_i + cJ?;“&; + c,‘_“I;l’pop~_i rl 
if we write 6; for the Kronecker symbol and pj = (1 - 6;). For CX, P, y E @ there 
exist ml, m2, m3 E N such that 
(P - Nz)m’X = (P - pz)m2y = (P - yzpx = 0 (x E S,,Y E !3@ E 9,). 
Let m = ml + m2 + m3. From the identity proved above we obtain that 
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(P - (a + P + -YW[X, b, 41 = 0. 
It follows that [go, [gp, q,ll c ga+p+y. Therefore, if x E g,, y E gp, and n E N, 
then 
ad(x) 2”.v E gzna+o. 
Since the spectrum Q of P is a finite set an 0 # 52, there exists for every a E R an 
integer n 2 1 such that ad(x)2” = 0 for x E g,. Thus, g admits a basis B such 
that ad(x) is nilpotent for every x E t3. Since g is solvable, t? must be contained 
in the nilradical of g and hence g is a nilpotent Lie algebra. 
Now, let g be a real Lie algebra. If P is a non-singular prederivation of g and 
g” is the complexification of g then the mapping F : g ’ + g” given by 
F(x + iy) = Px + iPy, where i = (- l)li2 denotes the imaginary unity, x,y E g, 
is a non-singular prederivation of g c. From the theorem above we obtain that 
g c is nilpotent and hence g is also a nilpotent Lie algebra. q 
The proof of the following lemma is an immediate consequence of the defini- 
tion of a prederivation. 
Lemma 2. Let g be a Lie algebra and write Cog = g, Ckg = [Ck-‘g, g] for the 
ideals of the central descending series of g. 
If P is aprederivation of g then Ckg is P-invariantfor every k = 2j, j E N. 
Next, we deal with the problem whether every nilpotent Lie algebra admits a 
non-singular prederivation or not. It is well known that there exist nilpotent 
Lie algebras, the so called characteristically nilpotent Lie algebras, such that 
all their derivations are nilpotent and hence singular. But since the Lie algebra 
of prederivations is larger than that of derivations, one might think that this 
does not occur for prederivations. We will prove, however, that the character- 
istically nilpotent algebra given by Favre in [2] has only singular prederiva- 
tions. 
Proposition 1. Let g be the real Lie algebra spanned by elements {xl, x2, , XT} 
with non-trivial brackets 
[Xl, Xi] = Xi+ 1 j 2<i<6 
[X2, X3] = X6, 
[X2,X4] = [X2,X5] = -[X3,X4] =X7 
Everyprederivation of g is nilpotent and hence singular. 
Proof. Let P be a prederivation of g. Write 
PXj = 5 PvXi (1 <j 57). 
i= 1 
Since Ckg is spanned by { Xk + 2, . . . , x7) one obtains from the above lemma that 
436 
pi6 = pi7 = 0 for all i < 6 and pi4 = pi5 = 0 for i < 4. The prederivation condi- 
tion of Definition 1 applied to x = xi, y = x2, z = x3 implies p12 = 
p13 = p67 = 0, p77 = pll +p22 +p33. Substitution of x = z = x3, y = x1 into the 
same condition leads us to ~77 = pll + 2~33, and if we choose x = x2, y = xl, 
z = x4, we obtain p17 = ~11 + ~22 +p44 and hence ~22 = ~33 = ~44. If we take 
x = y = xl then the different choices z = x2, z = x4, z = x5 lead us, respec- 
tively, to 
p44 = 2Pll +p22 
P66 = Pll +p44 
P77 = 2Pll +p55, p45 =p61 = 0. 
The first of these equalities implies that pll = 0. Choosing x = x1, y = x3, 
z = x5 we obtain ~55 = 2~11 + ~33, p45 = ~23 = 0. From all these results we get 
that pi; = 0 for every i 5 7. The conclusion is that pii = 0 for 1 5 i <j 5 7, 
which shows that P is nilpotent. q 
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